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Four-dimensional conformal field theory using quaternions 
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We build a four-dimensional quaternion-parametrized conformal field theory (QCFT) using quaternion holo- 
morphic functions as the generators of quaternionic conformal transformations. Taking the two-dimensional 
complex-parametrized conformal field theory (CCFT) as our model, we study the stress tensor, the conserved 
charge, the symmetry generators, the quantization conditions and several operator product expansions (OPE’s). 
Future applications are also addressed. 

PACS numbers: 


I. INTRODUCTION 


A conformal field theory is a framework used in many applications in physics. These models may be built for any dimension, 
but the two-dimensional conformal field theory flU is the most widely used, and it involves many features that explain this 
widespread use. The infinite-dimensional conformal algebra and its central extension are certainly important applicability fac¬ 
tors. Another feature is the parametrization of two-dimensional CFT using complex numbers, and thus the employment of the 
full machinery of complex analysis in order to build a complex-parametrized conformal field theory (CCFT). 

On the other hand, four-dimensional conformal field theories have attracted considerable attention for recent ^plications in 
high-spin models OMst], but there also are developments in other areas, such as electro-dynamical applications @ and mathe¬ 
matical consistency O]. The four-dimensional CFT considered in this article begins with the question of whether it is possible to 
develop a quaternion-parametrized four-dimensional conformal field theory (QCFT). A quaternionic scalar field theory is already 
known i], and so it would be seem a good idea to elaborate a four-dimensional model by preserving many of the properties 
of the two-dimensional theory and increasing the number of degrees of freedom. In fact, the quaternionic four-dimensional 
case has more constraints than the complex two-dimensional case, meaning that several results that may be obtained in the 
two-dimensional CFT based on symmetry arguments cannot be obtained in QCFT. Examples include correlation functions, cre¬ 
ation and annihilation operators and the Hilbert space. However, the concrat of generalizing two-dimensional CFT in terms 
of quaternion-parametrized four-dimensional CFT was not originally ours. 1^ reviews several attempts to achieve this aim for 
self-dual Yang-Mills theories, and another example of this kind is provided by CS. One serious restriction for constructing a 
quaternionic four-dimensional theory is the severely limiting quaternion analyticity, which only admits affine quaternion func¬ 
tions in the left-derivative class A less restrictive quaternionic analyticity has been used for building a four-dimensional 
(7—model with applications in gauge theories M- 

In fact, the use of quaternions for generalizing complex-based theories is not straightforward, and quaternionic theories may 
not necessarily recover complex results by canceling the pure quaternionic variables. There are solutions for the Dirac equation 
for the quaternionic step potential that have no complex limit MM, and the quaternionic Dirac square well also has no 
counterpart within the complex limit B. These questions enable us to suppose that using quaternions as a substitute for 
complex numbers may generate theories that are significantly different from the complex parametrized theories that have inspired 
them. 

This article presents another attempt to test the feasibility of using quaternions to build a four-dimensional CFT. The novelty 
here is that the conformal transformations are quaternion holomorphic functions (QHF). We believe that this proposal is the 
closest QCFT to a CCFT that has ever been built. The resulting quaternionic theory is more restrictive than the complex theory, 
first of all because it has a more restrictive finite dimensional symmetry group, while the CCFT has an infinite dimensional Lie 
algebra that parametrizes its symmetries B. We decided to avoid a trivial theory by imposing quaternionic analyticity only 
on conformal symmetry transformations, and not on quaternionic functions that suffer the transformation. This choice permits 
a wider class of quaternionic functions to be employed in the theory, and thus a QCFT has been formally built for holomorphic 
symmetry transformations comprising the quantization of the fields and the operator product expansions. 

The article is organized as follows. Section |II] presents the QHF’s and the constraints they impose on conformal transfor¬ 
mations and on the stress tensor; in Section |III] the quantization of quaternionic primary beds is discussed, and in Section HVl 
the operator product expansions (OPE’s) are obtained for the stress tensor and for the quaternionic primary field. Section [V] 
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presents our conclusions and future perspectives for physical applications. Furthermore, Appendix lAl presents the quatemionic 
parametrizations and metric tensors, and AppendixiBicomprises the symmetry algebra of Mobius transformations for QHF’s. 


II. CONFORMAL INVARIANCE 

A conformal transformation on a {b + dimensional flat space is achieved through a coordinate change x' so that 
the metric tensor 77^v transforms by a global scale factor H{x), so that 

^kx{x') dp^x''" dvx'^ =H{x) ri^v{x), (1) 

and the summation of indexes is implicit. In order to determine the symmetry algebra of conformal transformations, we perform 
an infinitesimal transformation 


x^^ ^ x^ (jc) 


( 2 ) 


which applied on ([T]| leads to 


dfiev + dvefi = —{d-£)rifiv so that 5 • e = T7^''(9^ev. 


(3) 


Higher order terms on were discarded, and D — b + d is the dimension of the space. A four dimensional Euclidean metric, 
where Tj^v = and D =A, implies that an Euclidean infinitesimal conformal transformation @ changes to 


dii£v = £ for H = V and for (4) 

Then we impose that a four dimensional conformal transformation may be organized as a quaternion valued function S’ so that 

S = £o £ii £ 2 ] + £ 3 ^; (5) 

where i, j and k are the associative and anti-commutative complex units of quaternions, which obey 

P' = = —1 and ijk = — 1. 

Using the symplectic notation, quaternions are written in complex components, so that 

q = z+Cj for z = xo+xii and l^=X 2 +X 2 ,i. (6) 

Consequently, the quaternion evaluated function (|5]l will be 

S = Si) -f S\j^ so that Sq = £0 “f i£i and Si — £2 ~h ^£3. ( 7 ) 

Now, we will assume a further constraint, that ^ is a holomorphic quaternion function. This class of function is very restrict, 
and admits only affine quaternion functions, so that 


S = qa + b (8) 

for a, b and q quatemionic. In symplectic notation (|2l), S must obey some constraints in order to be holomorphic IHlIil, 
namely 

doSf) = -idiSo = d2S\ = id^Si, d^Si = idiS\ = -52<^0 = id^So (9) 


and furthermore 


d^SQ = d^Si and dQSi) = —diSi. (10) 

Erom (|9]l and Q, we see that the quatemionic function S will be holomorphic if constrained by the previous condition (01 and 
by the imposition of 


^061 = —^2631 di )£2 = di £- i , d ()£2 = — di £2 


and d^ £^ — dy £y . 


(11) 
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The situation is quite analogous to the two-dimensional case, where the Cauchy-Riemann conditions were generated instead of 
(|4]l and (fTTT i. There, holomorphic complex valued functions are the natural choice for two-dimensional conformal field theories. 
The quaternion case, on the other hand, seems not to be most general case, because of the additional constraint (fTlTi . We might 
imagine that some class of quaternion function could generate (|4]i either without further assumptions or by adopting less restrict 
conditions. At this moment, we cannot say whether this is possible or not, and the quaternion holomorphic function appears 
to be the only feasible way to develop a quaternion parametrized conformal field theory. By way of example, an holomorphic 
function ^{q) = q + S'{q) applied on a four dimensional metric leads to a conformal transformation 


ds^ = dqdq 


d,^ 

dq 


2 

dqdq, 


( 12 ) 


with 


dq 


as scale factor and where dq —^ ^dq 



were used. 


The symmetry algebra p of the group G of transformations on left-derivative quaternion holomorphic functions like (|8]l were 
studied at ifT^I . The su(2, C) algebra is generated by the {gi, gi, 83} sub-algebra of g. We associate these operators with 
rotations on a two sphere, the operator g 4 generates dilations and gs and ge generate translations. This algebra has an important 
difference when compared to the conformal algebra of two-dimensional theories, because the two dimensional case has an infinite 
dimensional algebra, the Witt algebra. In the two-dimensional case, the role of g is played by the algebra of the SL(2, C)/Z 2 
group. The Witt algebra is infinite dimensional and admits a central extension. On the other hand, g is finite dimensional, and 
consequently does not admit a central extension. 


A. Quaternion primary fields 

In two-dimensional complex CFT (CCFT), there exists a terminology for the physical fields according to their conformal 
properties. Complex holomorphic fields <I>(z) are called chiral and complex anti-holomorphic fields <i>(z) are called anti-chiral. 
For quaternion functions, we will not use the term holomorphic and anti-holomorphic, because these definitions are too restrictive 
for quaternions, but we can loosely call A(z, Q chiral and A(z, Q anti-chiral. We define a conformal transformation on a 
quaternionic field A(q, q) in terms of a transformation ^ on its coordinates as 


A{q, q) 



(13) 


so that the pair (£, 1) is the conformal weight, which are supposed to be real. Complex conformal weights are found for particle 
generating models 111^20l] . and we will not consider here because of the non-commutativity of quaternions. Furthermore, we 
see that if f ^ f, then there is an ambiguity in the ordering of the factors, and then we avoid this problem imposing 1 = 1, and 
thus the product of the quaternion factors is real, precluding any ordering problem. Note that A needs not to be quaternion 
holomorphic. It may be a real function parametrized by quaternions, like the quaternionic norm. On the other hand, we are 
dealing with quaternion holomorphic and then the conformal factors on (fOT l are constant. 

Now we want to determine the change suffered on the field A caused by an infinitesimal quaternionic transformation 


^ — qS SO that S — qE 3 , (14) 

where |(S’| -C 1, £ = and 5 = -f We want to expand (fT^ in a power series, but remembering that A is not 

holomorphic, we cannot obtain such a series using q and q as variables. Then, we will use z, z, C and ^ as variables. In 
symplectic coordinates, we get 


S — S^ + Sj^j — zEz ~ + (C^z A (13) 

where £? = £j. In order to obtain the expansion, we write the operators 

S = (z£j — i^£^ -f + (^^Ez + ze^ + , (16) 

where j and 1 —?> have been used, and S may be obtained from the complex conjugate. Thus, using (fOT l and the 

approximated expansions 


~ 1 -|-£(£j -f £j) 


A 


SS^ A, 


(17) 











4 


we obtain 




(z- C e? + 5,) a, + (ze. - C ef + S=) d^ + e{e, + e,-) 


A. 


(18) 


This result has important consequences, because there are no derivatives depending neither on ^ nor on and thus the symmetry 
operators depending on these derivatives does not contribute to the conserved charge. In order to build the conserved charge, we 
now discuss the stress tensor. 


B. The stress tensor 

The conserved charge associated to a symmetry is obtained from a conserved current so that 

(19) 

with T^v the symmetric stress tensor. For conformal theories, the conformal stress tensor is always traceless. In four-dimensional 
symplectic coordinates, we have 


7’/ = 7i,- + r^j = 0, (20) 

where the quaternion symplectic metric (IA41 i has been used. Another property of the stress tensor in symplectic coordinates is 

T jiv = Tjiv 

which follows directly from T^v = with complex /r, V and real a, x“ and 7^^. These conditions mean that from 

the ten components of there are only five independent components, namely 7^^, 7^^ and T^i. The component is 

identical to its complex conjugate, and consequently it is real. Then has the nine degrees of freedom coming from the real 
stress tensor T^p, as expected. We may obtain the conserved charge in symplectic coordinates (IA21i from the conserved current, 
so that 


jo=jz + jz where = 2 + 7^^^^ + 7^^^^ j and jz = jz- (21) 

Using (ffSl) we obtain 


jz jz — 2 


[z£z — Ti + (zCj + CSf + 5^) T 2 


+ C.C. 


where Ti = -f and T 2 = T ^ + T.^. (22) 


The conserved current is obtained from the volume integral 


Q = 


The symmetry transformation on A is given by 


5A = 


j dvjo = J dvUz + jz)- 
[Q,A] = j dv [A + A-,A], 


(23) 


(24) 


where the volume element dv is real an may be factored out. In order to calculate the volume integral, we avail ourselves of the 
quaternion parametrization from appendixiAl so that 

g'= cos 06^+'*^+sin0e^+'‘^J, (25) 


where 0 g [0, ;r/2] maintains the positivity of the radii of each complex component of (l25T l. This parametrization maps a four¬ 
dimensional cylinder to a quaternionic hyper-plane. We identify T as a time coordinate, and we further consider q = + e^ j, so 

that 


z = TH-lncos0-|-/0, (^ = T-f lnsin0-f(26) 

and the radii of the complex parts in q are not identical, namely \e^\ ^ \e^\. Thus, the volume element in the quaternionic plane 
for a constant time is calculated as 


dv = cot9d9d(f>d(p. 


(27) 
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From (l2?t we observe the relationship between the conserved charge Q and the conserved current j^, and consequently the 
correspondence between the stress tensor and the conserved charge. Now we want to determine the relation between the con¬ 
served charge and the symmetry operators of the QHT. The symmetry operators Xi that generate the QHT CS are related to the 
inhnitesimal parameters as 


= gj !->■ =X2, !->• =X3, 5 ^h>(9^=x4, e^t-^^d^=X5, e^i-^zd^=x6, (28) 


and then we want to express Q in terms of x, as 


Q = LQ> = L‘^-^'- ( 29 ) 

i i 

However, from (fTsT i we see that X 4 , X 5 and xe do not contribute for 5A, and then we set 72 = 0 in d^ . In order to employ the 
current to determine the conserved charge, we define 

■a = k+ Kj, so that k = e'^^‘^ and = (30) 


and using (l28T l we write 


T’l 


tan 0 

- T 

2 


so that 


2 X1 ^ X2 ^ X3 
7t kK k^K kK^' 


(31) 


T depend on k and k, but not on their complex conjugates, and thus it may be considered analogue of chiral fields of the CT. We 
eliminate the dependence on 0 through the integration 


71 jl 

J + J= J decote + ;i) = (ke,, - + 5,^T + C.C. (32) 

0 


The (j) and (p integrals may be changed to k and K integrals over the radius \k\ = Itcl = e'^, and then 


I iTti J 2ni 

The X, generators may be obtained by inverting OTT i. so that 




Xl = 


dkdK 

[IniY 


X2 = 


dkdK 

(27r/)2 


kT 


X3 = 


dkdK 

[Iniy 


kT. 


(33) 


(34) 


The results show a very constrained model, where the quaternionic coordinate ^ has no effect on the transformaton of the primary 
field A. In fact, this is coherent with the transformation law (fTsT l. where the d/^ does not generate transformations. 


III. QUANTIZED FIELDS 


In this section, we outline several formal aspects of quantizing a QCFT. The discussion is formal because every specific case 
to be quantized must be considered independently, and the discussion below only presents general aspects that must be followed. 

As in the two-dimensional case, the quaternion parametrization (l25T l relates dilations to time translations, and ^ 0 is associ¬ 

ated to the infinite past, where T —— 00 , or equivalently q —>^0. We note that the infinite past is valid only for both the complex 
variables going to zero. They may independently go to zero for specihc values of 0, and this is not associated to the infinite past. 
Using = p in (l25T l. we obtain the operators 


dy = — 
^ 2 


sin 0 i 

cos 9dp - de - -di 

p pcosO 


e-‘V 

h- — 


sin edp — 


cos 0 i 

p p sin 0 


cp I , 


(35) 


which permit us to obtain 


pdp=zd^ + Cd^+zdy + Cd^, 50 = \/zzCC + , d^ = i{zd^-zdi), ■ 


In terms of the generators (IB3I) of the algebra of G, we can write 

pdp = -{gA + gA) d^=i{g-i-gA,-gi+gyi) dff, = i{gi+gi-g-i-g4) 


(36) 
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At this point, we observe a difference between the two-dimensional CCFT and the four-dimensional QCFT. In two dimensions 
the time operator is associated to the real dilation and the space translations may be written in terms of a linear combination 
of symmetry operators. In four dimensions, this is no longer observed because the 9 coordinate cannot be written in terms 
of the symmetry operators of p. Furthermore, the direct sum of the symmetry algebra g and the algebra generated by the 
complex conjugates of its operators, g 0 g, is not an algebra. In two-dimensions, this direct sum is an algebra, and this very fact 
presents a big difference between the two cases, indicating that the four-dimensinal case is more restrictive because it cannot 
avail itself of the full symmetry algebra. We note that these differences raise due to the complex conjugacy of quaternions, were 

KQ^{z,-Q. 

The second aspect to be considered is defining a primary field to be quantized, and thereto we propose the expansion 

A{z,z,c,~Q = {qqr' L (37) 

m,n,r,s^X 


where Am „ ,-i are quaternionic constants, and quantization is obtained promoting the primary field JjTl l to an operator A. We 
define asymptotic past states using T —in (l25T l. so that q ^0 and then asymptotic past states may be written 

|A)oc = limA|0). (38) 

q^O 

Considering that all coordinates have the real factor which governs the approaching to zero, we eliminate negative powers on 
the variables of A by imposing 

Am,„,r.i|0) = 0 for a + 2i>Q, so that a = n + jn + r + s (39) 


The asymptotic state is then generated by the independent term of A, so that (7 = 0. 

A third important formal aspect of the quantized primary field is the Hermitian conjugate A^ of the primary field. Considering 
that Hermitian conjugacy changes the sign of the time coordinate, then t —?> — T in (l25l l. Remembering that then 


z 


t _ 


z 

qq' 



qq 


and consequently 


t ‘1 

q = —• 

qq 


(40) 


We then see that Hermitian conjugacy is not a quaternion conformal transformation as defined in ifl^ because it implies in the 
inversion of the quaternionic coordinate. We thus define 


A (z,z, C, C) = {qq) 






A'*' 7 - 


'r'T 


(41) 


such that the negative powers on the variables of A^ are eliminated by imposing 

K,.n,r,M = ^ for (y + 2 £< 0 , 

and then we have well-defined primary fields for quantizing. 


IV. OPERATOR PRODUCTS 


In two-dimensional CFT, the time coordinate is parametrized by the radial direction, so that z = e'o+“i Thus, the time ordering 
of an operator product like X{z)Y (w) is determined by the relation between |z| and |w|. In the quaternion parametrization (l25l) 
this is also true because \q\ = and T is identified with a time coordinate. However, as g' = z + Ca the time direction cannot be 
identified neither with of |z| nor with \ l^\. This is an important detail in order to calculate the conserved charge and consequently 
the symmetry transformations. Using ( |3^ , we rewrite (l24l) as 


5A = 



[ 7 + 7 , a] . 


We want to get some physical insight from the equality between (fTsT i and (l24l) . namely 


(42) 


Jdv[j^ + ji, A] — gj (7 + Z(9j) — + d^c 


C.C. 


A. 


(43) 


The 0—dependence may be eliminated from the right hand side of ( |4^ using (l32l i. and the integral on (j) and (p may be turned into 
k and K integrals. However, the right hand side depends on z and ^ variables, which explicitly depend on 6. Our interpretation 
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about this fact is that the 0—coordinate does not have significance on the conformal symmetry, and then we may discuss the 
conformal symmetry only in terms of the 0—free coordinates k and K. Using (l32l i. we turn the commutator (l43T l into a time 
ordered product 0, so that 


[7 + 7, A] !-)■ 0 [(y + y)A] = {ke^ - + 4 ) 0[rA] + (^e^- + 5|) 0[rA] 

We may determine the operator product expansion by substitution (l44l i back in (|4^ and using the identities 


k — w 


and 




where f{k) is a complex holomorphic function. Thus, we obtain 

1 


0[7’A] = 


(^m'A + 


{k-w){K- co) 

Using (l34l) and the j: algebra (IB21 i. we calculate the OPE for T, 

T{w, co) 


0[r(k, k)T{w, 0 ))] =2- 


{k-w)^{K- co) 

T (w, co) 


A. 


(44) 


(45) 


(46) 


(47) 


'{k — w)^K {k — w)^{K— co) 

If we make A = 7 in ( l46l l we see that T is not a primary field. Indeed, using ( |47] ) and A = 7 in (l44l i and (1421) A = 7, we get 

57 = e,7. (48) 

Finally, we use the OPE (l46l l and (|34]l to calculate the commutators among the symmetry operators x, and the primary field A, 


[xi , A] = A, [x2, A] = fA — w5„,.A, [xs, A] = codwA. (49) 

In CCFT the commutation relations between primary fields and the symmetry operators are useful for defining creation and 
annihilation operators. In the QCFT discussed here this must still be the case, but as we were unable to find a general expression 
for them, we leave this task as a direction of research to be studied in specific examples in the future. Another quantity that is 
calculated in general in CCFT are correlation functions, but these computations may not be trivial in four dimensional 10, Ht], 
and then we postpone this issue for a future study. 


V. CONCLUSION 

In this article we presented a four-dimensional CFT parametrized with quaternions (QCFT) and whose conformal transfor¬ 
mations are restricted to quaternion holomorphic functions (QHF). We have shown that such a theory may be quantized and that 
operator product expansions (OPE’s) may also be defined. This theory must of course now be tested in order to see its properties 
in building concrete examples of physical theories, and the well known examples for CCFT are the most important candidates. 
The study of scalar and fermionic fields are certainly interesting future directions for research, but even applications to string 
theory, the Thirring model and super-symmetric theories may be tried. Only after these applications is that the utility of QCFT 
may be correctly evaluated. At this point, the construction presented in this article is only the outline of a mathematical theory. 
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Appendix A: Metric tensor 

A four-dimensional Euclidean metric has different expressions using different quaternion variables. For quaternion ex¬ 
tended variables. 


80V 


= 5, 


'liv- 


q = XQ+xii+X 2 j+X 2 k 


(Al) 
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Different coordinate systems lead to changes in the metric tensor. Using the Euclidean coordinates in terms of the symplectic 
ones (01, we get 


Jco = 


q + q z + z 


xi = 


qi + iq _ z — z 

~2i~' 


X2 = 


qj -jq C + C 


2 2 ’ 2 
The metric tensor shall be calculated using 

g^iv = dfix’^dvX^GKi- 

Using the Euclidean metric, so that G^y = and defining g^y = hp^y, we obtain 


X3 = 


qk — kq C ~ C 
^ 2i ■ 


hpy — dpx'^dyX^ 


so that hpy = 


1 


0 10 0 
10 0 0 
0 0 0 1 
0 0 10 


(A2) 


(A3) 


(A4) 


We call hpy the quaternion symplectic metric (QSM). Let us see some other ways of obtaining it using different coordinate 
systems. In polar coordinates. 


q = p (cos 9e"^ + sin 9e"^j) => 

g^iv — 

1 0 0 

0 p2o 

0 0 p2 

0 

0 

cos^ 9 0 


= 

gpp 0 

0 gee 

0 0 

0 0 ■ 

0 0 

g(l>ij) 0 

, (A5) 



0 0 0 

p2 

sin^ 9 


Lo 0 

0 g<p<p. 


and 









p = \jxl+x\+xl+xl, 

0 — ^ 


cos (j) = 

xo 


COS 9 = 

X2 

(A6) 


P 

^xl+x\ 


Rewriting (IA71i in symplectic coordinates. 









p = \lzz+CL 

^ = lln 

z 

4 lni 

2 , C 

9 = 

1 zz-CC 

- arccos-^ 

2 zz+CC 


(A7) 


we obtain the quaternion symplectic metric hpy using (IA3I) . (IA5I) and (IA71 i. The important case for conformal field theory is a 
variant of (IA5I) . where p — 


q — cos + sin 


■ 1 

0 

0 

0 


grr 

0 

0 

0 ■ 

0 

1 

0 

0 


0 

gee 

0 

0 

0 

0 

cos^ 

90 


0 

0 

gljxtl 

0 

0 

0 

0 

sin^ 9 


.0 

0 

0 

g<p<p - 


(A8) 


where z = cos and ^ = sin We note the conformal symmetry of this metric, where is the conformal factor. On 

the other hand, from ( IA8I ) and using symplectic coordinates, we get 


T = - In (zz - 




. 1,2 

2i z 


. 1 z 

^ = :rMz, 
2i z 


9 = arc tan 



(A9) 


Using this coordinate system, we obtain the metric given by (IA4I) . It is important to note that always when a system of coordinates 
is changed to the symplectic coordinates, the QSM will be obtained. However, we see that (IA81 l has conformal properties, and 
because of this it must be choosen for QCET. As a last example, using 


qr = where r = zz and p = ^^. 


0 0 0 
0 0 0 
0 0 0 ’ 
0 0 0 


(AlO) 


we again obtain the QSM in symplectic coordinates, but in (lAlOl) the conformal symmetry is not evident, and then it will not be 
used to study the QCET. 

































9 


Appendix B: Quaternion holomorphic transformation representations 


The quaternion holomorphic transformation Cl] has two important representions. The first is y, given by 


x\=d^, X2=zd^ x-i = ^d^ XA = d^, xs = ^d^, X(,=zdc^. 

The Lie algebra for y is written through the commutation relations 


(Bl) 


[xi, X 2 ] = X\ 

[xi,X3]=0 [X2,X2] = -X3 

[xuX4]=0 [X2,X4]=0 [X3,X4\=-XI 

[X1,X5]=0 [X2,X5]=0 [X3,X5] = -X3, [x4,X5]=X4 

[xi , xe] = X4 [x2, xe] = X6 [x3, xe] = X5 - X2 [x4, xe] = 0 [x5, xe] = -xg 


(B2) 


The second representaion used in this article is g, whose generators 

gl=X3+X6, g2 = i{x6-X3), g3=X2-X5, g4 = -(x2+X5), g5=Xl, g6 =-X 4 

obey the algebra 


(B3) 


[gi.gi] ='2ig3 

[gl,g3]^'2^ig2 [g2,g3]=2igl 

[gl, g4] = 0 [g2, ^ 4 ] =0 [g3, g4] = 0 

J ^ 5 ] = g(> [gl^ ^ 5 ] = ig(> ba, ^ 5 ] = -^5) [gA, ^ 5 ] = gi 

I ge] = g5 [^2, ge] = -ig5 ba, = ge [g4, ge] = g(> fea, ge] = 0 


(B4) 


This representation is interesting because we see the su(2) algebra generated by gi, g 2 and g 3 and the complex dilation generated 
by g 4 . gs and gg are associated with complex translations. 
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